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1 Exact Equations

Let us consider the case of an arbitrary first order ODE. Say that, once
again, our independent variable is x and dependent variable is y. Suppose
for a moment that we found the solutions of the equation and they can be

written in the implicit form given by
F(z,y) =C.

Here, we leave the constant C' alone, but of course, the solutions depend on
the arbitrary constant C.
Now, take the total derivative of both sides with respect to . By the

chain rule, we have
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The real question is whether or not we are able to reverse this process.
Namely, given the ODE, can we recover such a function F(z,y)?
Let us write the ODE in a more symmetric form by:
dy



Here, we equivalently write
M (z,y)dx + N(x,y)dy = 0.

In fact, this is the general way to write exact ODEs.
Note that it’s important that it must be in this form! There must be an

“= 0" on one side and the sign separating the two terms must be a “+”.

Definition 1. The equation M (x,y)dx + N(z,y)dy = 0 is called exact on a
domain D if there exists a differentiable function F(z,y) on D such that the
left-hand side of the equation can be written as d(F'(x,y)) on D.

Definition 2. Such a function F' = F(z,y) is called a potential for the

equation.

By the chain rule, the condition can be rewritten as: The ODE M (x, y)dx+
N(z,y)dy = 0 is called exact, if
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Recall.(Text for Exactness) An ODE M(z,y)dz + N(z,y)dy = 0 is

exact, if
OM(x,y) _ ON(x,y)

oy Ox
The reason for this test is straightforward. Let M (z,y)dx+ N(x,y)dy =0
be an exact ODE. Then, since the ODE is exact, there exists a potential ¢
such that v, = M and ¢, = N. Now, provided that 1 is a differentiable
function, by a theorem, due to the equality of the mixed partials, we have
Y3y = YPy,. This forces that




2 Examples

e Consider the ODE given by ydx + (x + 2y)dy = 0. We observe that
a%y = 1= 2Z(z+ 2y). Therefore, the ODE is exact.

e Consider the ODE given by 3e¥dz + (2y + xze¥) = 0. We observe that
a%(369) = 3¢ and 2 (2y + ze¥) = e¥. Since 3e¥ # €Y, the ODE is not

exact.

e Consider the ODE given by ydxr 4+ xzdy = 0. It is easy to see that
gy =1= aix, so, the ODE is exact.
y T

3 Method to Solve Exact ODEs

Considering the definition of exact ODEs, as we followed a derivation back-

wards, we, in fact, wish to find a solution given in the implicit form by
F(z,y) =C,

where C' is an arbitrary constant.

Now, we know that such F' is a potential for the ODE. Even though we
are not given the potential, we are given, in such problems, M and N. So,
we use the fact that F,, = F,, and F, = M and F, = N. Then, we will use
integration two times to obtain a potential F'.

Finally, F' = F(z,y) = C will be the general solution, where C' is an
arbitrary constant.

Example(1) Solve the IVP given by

ydx + (z + 2y)dy = 0, y(1) = 5.

Now, firstly, let us determine whether or not the ODE is exact.
Observe that a%y = 2 (z+2y) = 1. So, the ODE is exact.



Now, assume that ¢ is a potential for the ODE. Then, by the definition
of potential, we have ¢, = y and ¢, = = + 2y. It follows that [ ¢, dz =
[ ¢, dy = ¢. Consider

/y dx = zy + C(y).

Here, C(y) is a function of only y, as the derivative of C(y) with respect to
x is identically zero.
We have obtained that ¢ = [y dx = zy + C(y). Then,

0 0
by =1x+2y = 8_y¢ = a—y(ﬂﬂy +C(y) =z +C'(y).

It follows from some cancellation that C’(y) = 2y and so, clearly, C(y) =
y? + C, where C is an arbitrary constant. Choosing C' = 0, we have a

potential given by
¢ = od(z,y) =2y +y*.

Therefore, finally, the general solution is given by
zy+y° =C,

where C is an arbitrary constant.
Now, let us consider the initial condition, i.e., x = 1 and y = 5 simulta-

neously, and solve the IVP as follows:

(1)(5)+ (5> =C
5425 =30=C.

Hence, the solution of the IVP is

zy +y* = 30.



Example(2) Find the general solution of the ODE given by

dy

dx:().

22y — 92 + (2y + 2° + 1)

Firstly, rewrite the ODE so that we have the conventional

form of the ODE. We have, by a little abuse of notation, expanding by dz,
(2zy — 92%)dz + (2y + 2 + 1)dy = 0.

It is easy to see that the ODE is exact, as - (Qxy 92?) = 2 (2y+a?+1) = 2z.
Now, we find a potential as follows:
Assume that 1) is a potential for the ODE. Then, v, = 2zy — 922 and
¥, =2y + x? + 1. Consider

/@/}xdx—w /Qxy 92%) dr = 2y — 32° + C(y),

Y, =2y + 2> +1=—(2%y —32° + C(y)) = 2* + C'(y).

dy (
Therefore, C'(y) = 2y + 1 and so C(y) = y*> + y + C and, choosing C' = 0,
a potential is given by 2%y — 32° + y? + y. Hence, the general solution is as
follows:

2ty =30’ +y* +y=C,

where C is an arbitrary constant.



We have, in the previous section, talked about the integrating factors of
linear, first-order ODEs. Now, we consider the integrating factors of exact
ODEs.

In the case of linear, first-order ODEs, the integrating factors were used
to make non-integrable ODEs easily integrable.

As for exact equations, we make use of integrating factors to convert
non-exact ODEs to exact ODEs, by similarly, multiplying the equation by

integrating factors.

Derivation of the Integrating Factor for Exact Differen-

tial Equations

Consider a first-order differential equation of the form
M(z,y)dx + N(z,y)dy =0,
where M and N are continuously differentiable functions.

Motivation for an Integrating Factor. If the equation is not exact, that
is,
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we seek a function p(x,y), called an integrating factor, such that the modified
equation

puM dx + pN dy = 0
becomes exact.

Derivation. For the equation to be exact after multiplication by u, the

following condition must hold:

0 0

a—y(MM> = 5, WN).



Expanding both sides using the product rule yields
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Rearranging terms, we obtain
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Integrating Factor Depending Only on z. If we assume that u = u(z),

then g_Z = 0, and the equation reduces to

_y (9N oM
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Dividing both sides by —u/N, we obtain

Ldp 1 (8M aN>
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If the right-hand side is a function of x only, then integrating with respect
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Integrating Factor Depending Only on y. Similarly, if © = p(y), then

to z gives

and hence

% = 0, and we obtain

ldu 1 <8N aM>

pdy M\ ox dy



If the right-hand side depends only on y, integrating yields

- 4 (22-0) %)

Remark. Once an integrating factor is found, the resulting equation is exact

and can be solved by finding a potential function ®(z,y) such that
d® = pM dx + puN dy.
Example(1) Find the general solution of the ODE
(z* — 2+ y)dx — xdy = 0.

Firstly, let us determine whether or not the ODE is exact. Let
M(z,y) = 2* —z + y and N(z,y) = —z. Here, we note that the general
exact ODEs are of the form A(z,y)dx + B(x,y)dy = 0. Therefore, we have
chosen N(z,y) = —x, not N(x,y) = x. Now, observe that

0
M, = a—y(xA‘ —z+y)=1 N, = %(—x) =—1.
As 1 # —1, the ODE is not exact. Therefore, we must make the ODE exact
using an integrating factor. We will compute the integrating factor with the
formulas that we have already derived.

Here, we can choose whether we wish to find an integrating factor of the

form p = p(z) or p = p(y).



Let p = p(z). Then, we get:

pi(z) = exp

Now, we have pu = x% So, expanding the equation by the integrating
factor u, we get

1 Y 1
2 —_ — —_— —_— — pr—
(x —+ x2)dx xdy 0.

The ODE is now exact, which can be checked as follows:

O p Ly 0 (1) 1
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Now, let 1 (z,y) be a potential for the ODE. Then, 1, = x> — % + % and

wy = _%-
It follows that



a 3
b= (5 ~mulel = L+ c)
=+ 0.

Since ¢, = —1, we have C'(y) = 0 = C(y) = C for an arbitrary
constant C'. Choosing C' = 0, we obtain a potential ¢ by

3 y
=——1 - =,
=" —lnja] - 2
Hence, finally, the general solution of the exact ODE is given by

3 ~

w:x——ln]:p\—g:C,

3 T

where C' is an arbitrary constant.

Note: It can be seen that 1, ¢, F, ®, ¥, f may be used to denote potentials. I tried to give

some of them to make them look familiar.
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